In this work we present two new closures for the spherical harmonics (P N ) method in slab geometry transport problems. Our approach begins with an analysis of the squared-residual of the transport equation where we show that the standard truncation and diffusive closures do not minimize the residual of the P N expansion. Based on this analysis we derive two models, a moment-limited Reed's problem demonstrate that the TP N solution is as accurate as the P N +3 solution. We further extend the TP N closure to 2D Cartesian geometry. The line source test problem demonstrates the model effectively damps oscillations and negative densities.
Introduction
The Boltzmann equation is used to describe particle transport in several applications, e.g. neutron transport [1] , thermal radiative transfer [2] , rarefied gas dynamics [3] , and charged-particle transport in semiconductors [4] , to name a few. Solving the transport equation is challenging due to the seven-dimensional 5 phase space. In this work we deal with a simple transport model with a linear collision operator, though our methods could be extended to more complicated transport processes.
For the angular discretization a commonly used method is the discrete ordinates method (S N ), which solves the transport equation for several selected 10 discrete angles. However, there are physical situations where S N encounters difficulties. One example is in multi-dimensional applications, when the medium weakly interacts with the particles. In this case the solution along each ordinate are not coupled, which leads to the well-known "ray effects" in the solution [5] .
Ray effects can remain present even when the number of discrete angles is large 15 [6] .
Another approach is to use a truncated spherical harmonics expansion (P N ) on the angular variable. The P N method is a spectral method in angle based on a linear expansion of angular flux, yielding a hyperbolic system of partial differential equations (PDEs) for the expansion coefficients, or equivalently, the 20 moments. For smooth angular dependence, the method has spectral convergence. Also, the spherical harmonics expansion are rotationally invariant, in contrast to S N , thereby avoiding ray effects.
Nevertheless, in time-dependent problems, truncating the basis at a finite order N and assuming moments with higher orders to be zero 1 causes the so-
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lution to approximate the radiation as a finite number of waves moving with different speeds determined by the eigenvalues of the coefficient matrix of spatial derivative terms. These wave speeds are less than the real speed of the 1 The resulting closure is referred to as zero closure in this paper.
particles [7, 8, 9] . The artifacts in the solution that arise from the discrete wave speeds are referred to as "wave effects". Wave effects can induce oscillations 30 and negativity densities in the solution [8, 10] . Though one could increase the order of the P N approximation to mitigate the oscillations, for a finite order of approximations, there are always certain physical situations where negative particle densities can occur [11, 12] .
Here we briefly summarize the recent efforts to improve the P N method.
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A linear diffusive closure was developed independently by Schafer, Frank and Levermore [13] for general orders of expansion and by Kyeong and Holloway specifically for P 3 [14] . Solutions using this closure demonstrated faster convergence to the transport solution. Additionally, Olson introduced a modification of the coefficients for highest moment equations as introduced in the P 1/3 equa-
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tion so the maximum speed of the waves is fixed to be the correct particle speed [15] .
Other work has investigated closures based on the solution of an optimization problem based on an entropy (called the M N method) [16, 17] or the positivity of the particle density (called the positive P N method) [18] . These methods do 45 have some benefits, such as guaranteed positive solutions. The numerical solution of the resulting equations using high-order expansions is computationally prohibitive because an optimization problem must be solved for each spatial degree of freedom in each time step. Additionally, the optimization problem resulting from high-order M N expansions is ill-conditioned. Furthermore, in some 50 test problems, entropy-based closures can cause artificial shocks to develop in the solution [16, 17] .
Inspired by the usage of artificial viscosity in hydrodynamics, Hauck and McClarren introduced a filtering process, which is interpreted as artificial viscosity in angle [8, 19] . The basic idea is to introduced a new spherical harmonics 55 basis which introduces dampening on high order moment coefficients. Though it outperforms conventional closures, it cannot guarantee positivity of the particle density because it is a linear closure. Radice et al introduced a new form of the filter that was independent of the mesh and time step [20] and applied it to radiative transfer problems in astrophysics. On the other hand, it is also found that the filtering introduced by McClarren and Hauck does not smoothly transition to zero when increasing the P N angular order. Ahrens et al introduce a cubic filter to address the problem [21] .
In this work, we introduce two new closures that are designed to improve the residual of P N expansions in 1D slab geometry. We start off defining a functional based on the angularly-integrated squared residual. By examining the minimizer of the functional, we arrive at two nonlinear closures based on the residual. Both approaches write the closure as a rational function times the derivative of a moment, similar to flux limited diffusion. We analytically demonstrate one closure will bound the magnitude of highest moment by the 70 scalar flux. The other closure is a modification that involves the zeroth moment of the angular flux. Further, we numerically demonstrate the high accuracy of the closures in a problem with strong wavefronts. On Reed's problem [22] we show that our new closure converges to the transport solution faster than diffusive closures or the standard truncation.
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Derivation of the Method
Error functional derivation of the P N equations
We begin with an energy-independent transport equation for neutral particles in slab geometry given by [1] 1 v ∂ψ(x, µ, t) ∂t
In this equation the angular flux of particles is given by ψ(r, Ω, t) with units of particles per area per time. Our notation is standard with x ∈ R being the spatial variable, µ ∈ [−1, 1] as the cosine of the angle between the slab normal and the direction of flight, and t as the time variable. The macroscopic total interaction cross-section with units of inverse length is given by σ t , and q contains the prescribed source, Q(x, µ), and the scattering source:
with the scalar flux, φ(x, t), defined as
In order to solve Eq. (1) one needs to apply discretizations in space, angle, and time. In this work we focus on the angular discretization, in particular we will expand the angular dependence in Legendre polynomials as
where the Legendre polynomials are given by
Here, φ l (x, t) is an expansion function, and C l is a normalization constant given by
This technique is known as the P n method, and generalizes to general threedimensional geometries by making the expansion functions spherical harmonics [1] .
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The typical way that the expansion functions and normalization constants are generated is via a Galerkin procedure where one assumes a Legendre ex- 
whereψ
In order to minimize the functional in Eq. (7), one forces ∂J 1 /∂φ l = 0, leading to the expansion coefficients being given by
Using this definition for the expansion coefficients, we take a certain Legendre polynomial and integrate it with the transport equation, Eq. (1), over µ to get:
where
This system is not closed in the sense that the equation for the N th moment includes the N + 1 moment, which is not included in our truncated expansion. A common closure is to set φ N +1 = 0. Thereafter, the closed P N equation system can be described as:
These equations are the standard P N equations. We will now change the derivation to use a functional that minimizes the residual in the transport equation given a particular expansion.
A functional based on the squared-residual
Rather than basing the functional on the squared difference between the expansion and the true solution, one could also measure the squared residual of the P N approximation as:
where R is the residual computed when the expanded flux to order N is plugged into the transport equation with an isotropic source. For simplicity, we consider the pure absorber problem (though removing this restriction leads to the same results) leading to the definition of residual as
where the transport operator L is defined as:
In order to minimize the functional J, we focus on finding moment sets which 85 make ∂J/∂φ l = 0 for all l. Through this path, we could gain an insight into the impact on the residual due to the closure.
Taking the functional derivative of Eq. (12) leads to:
Note that for l ≤ N , the following identity holds
Comparing Eq. (15) with Eq. (10), one sees that the integral is equal to zero, i.e.
Also, by using recurrence relation of Legendre polynomial, one has:
Therefore, Eq. (14) can be rewritten as:
When l < N , plugging Eq. (16) back into Eq. (18) leads to:
That is, all of the P N equations minimize the squared-residual for φ l for all l < N . This is why the omission of the scattering term does not affect our For l = N , the same substitution, omitting the algebraic process, results in:
Therefore, expanding the integral term in Eq. (20) gives us the final expression for the N th order functional derivative:
This equation can tell us the impact of a closure on the residual: to this equation
we can substitute in a closure and see how it effects the derivative of the squared residual. 
This equation indicates that the squared-residual will be minimized only if the spatial derivative of φ N is zero. This restriction is not expected to be satisfied in general problems. 
This result indicates where the D N closure might be accurate. It will minimize the squared-residual when the time derivative of φ N is zero and when the spatial 110 derivative of the φ N +2 is zero. We cannot know for a general problem what the derivative of φ N +2 will be. Nevertheless, we can predict when transients have died out in a particular problem. In such an occasion we predict that the D N closure will be superior to the zero closure because the derivative of the φ N +2 moment impacts the residual, rather than the φ N moment in the zero closure. 
. Approximations on higher moments
Equation (21) indicates that we should seek a closure such that:
which is equivalent to introducing a higher order P N approximation without changing the truncation order. The closure, leading to zero functional derivative in moment space, would potentially lead to a minimized residual of the 120 P N approximation. However, this is not feasible practically since truncating at a certain order N would lead to the loss of information of higher orders, e.g. φ N +2 . The value of Eq. (25) is that it indicates how one could close the system to minimize the residual in moment space.
Formally, we can rewrite Eq. (25) to implicitly define a closure as
A moment-limited closure
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The closure indicated by Eq. (26) shares a similar form with diffusive closure, except, there are additional terms added to correct the closure. Though it is still a formal closure since it depends on the value of φ N +1 and φ N +2 , it implies adding spatial and temporal flux limiters to the diffusive closure could help minimize ∂J/∂φ N . Therefore, we propose the following closure:
A desirable feature is that if a proper α is used, one could prove that this form limits the magnitudes of the closure as follows:
For instance, fixing α at (N + 1)/(2N + 3) would result in:
That is similar to the situation of limiting current to the scalar flux to stabilize the system in moment space. We, therefore, name this approach the moment-limited diffusive (MLD) closure.
A modification: transient P N closure
The moment limited closure could be modified to use φ 0 , instead of φ N in the closure. Specifically, the modified closure is expressed as:
There are two motivations for this choice. On one hand, this selection is to make To minimize the residual, the parameter α would depend on the unknown 140 angular flux distribution. For simplicity, we fix the α in Eq. (30) to a constant.
Though the central theme is similar to the MLD model in that one adjusts the diffusivity nonlinearly based on the solution, we have not been able to prove that the closure limits the magnitude of φ N +1 to be less than the scalar flux.
The test results in the following sections demonstrate this modification im-145 proves the accuracy in the transients that arise when a majority of the particles in the system have not had a collision. We, therefore, name the model the transient P N closure (TP N ).
Closure effects on residual functional derivative
By introducing the MLD N or TP N closures, the functional derivative in Eq.
(21) can be written as:
Adding flux or moment limiters does not necessarily minimize the residual func- 
Generalization of TP N models
The form of the TP N closure is similar to the Larsen-type flux limited correction to radiation diffusion [23] with an additional time derivative term. The form of a Larsen flux limiter allows the impact of the limiter to be adjusted by making the terms in the closure weighted by a power, rather than using a linear sum. We can perform the same adjustment to our model by writing
Typically, the value of n is set to be one or greater, though recent work has demonstrated that there are problems where n < 1 can give improved solutions 160 [24] . It is then of interest to test the effects from different powers n on our closure.
Multi-D extension of TP N closure
The multi-D transport equation with isotropic scattering in Cartesian geometry can be expressed as:
In multi-D, P N method is from expanding the angular flux with spherical harmonics functions Y m l (Ω) in angle truncated at Order N :
In a similar Galerkin procedure as in Section 2.1 one uses the expansion in Eq. 
Due to symmetry, there are (N +1)(N +2) moments in 3D and (N +1)(N +2)/2 relevant moments in 2D.
D N equations
The D N model is identical to P N up to the (N − 1) th moment equations.
Dropping off the time derivative terms of the (N + 1) th moment equations of P N +1 system, one can easily find: 
Numerical Details
The 1D MLD N and TP N closures are implemented with the diamond difference for spatial discretization and a semi-implicit scheme as detailed below. At present only TP N closure is extended to multi-D applications with discontinu-
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ous Galerkin (DG) finite element method in space and semi-implicit scheme in time.
1D implementation
For our closures the highest order moment we keep in our system is N with where on the left boundary we satisfy
where k is equal to 0 or N , and c i = 
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For a spatial discretization we use the diamond difference method with unknowns that live at cell edges. For a uniform mesh with cell width h, the semi-discrete equations become
where k is either 0 or N , and
The time discretization we use is semi-implicit that we evaluate all terms in Eq. (39) at time level n + 1 (i.e., backward Euler) exceptσ, which is evaluated explicitly at level n. This makes each time step a linear solve. If we implicitly updateσ, each step would require a nonlinear solve.
2D TP N implementation
Previously, D N has been discretized in space by the streamline diffusion continuous finite element method [13] and finite volume method [14, 16] in space.
We choose a variant of the discontinuous Galerkin (DG) finite element method in this work mainly for its preservation of the asymptotic diffusion limit. In particular, we apply the local DG (LDG) method, which was developed for time dependent convection-diffusion equation [25] :
In the LDG method, one introduces an auxiliary variable q, such that Eq. (41) can be rewritten as:
Numerical results
The 2D TP N closure is implemented with the C++ open source finite element library deal.II [26] . The results for the plane source problem, two-beam problem and the Reed's problem will be presented for 1D closures and 2D TP N test 190 results will be presented with line source problem.
Plane source test problem
The medium in the plane source problem is a pure scatterer (σ t = σ s = 1). At time t = 0, there is a pulsed source in the middle of an infinite slab. The initial condition is
An analytic solution to the transport equation for this problem is available in the benchmark suite AZURV1 [27] . The solution has a wavefront at z = ±vt.
The number of particles in the wavefront decays over time so that after enough time the wavefront has a negligible magnitude. Therefore, late in time the solution is a smooth due to the scattering of particles from the initial pulse.
Also, both the D N and P N methods approximate the transport solution well at late times (e.g., t = 10 in Figure 1a ), whereas early on in the transient neither can capture the analytic solution. This is predicted by the analysis in Section In the solution at earlier times (see Fig. 1b ) there are spikes that are the numerical representation of waves of uncollided particles. Since the time dependent P N system is a hyperbolic wave equation system, particles moves in 205 several discrete wave speeds. The consequence is that the solutions will have N + 1 spikes, analytically represented by a Dirac delta function. These artifacts from the P N (and D N ) discretization are known as wave effects [7] .
Comparison of MLD N and linear closures
In the results below, unless otherwise noted, we use a value of α = 2/3.
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Later, we discuss this choice.
In Figure 2 we compare MLD and the diffusive closure on the plane source problem. At an early time, Figure 2a waves.
x [cm], t=1s, ∆t=0.001s, ∆x=0.0005cm that the moving modes propagate further than those with the spatial limiter.
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Therefore, we conclude that both derivative terms in the closure contribute to the accuracy of the model.
Impact from Power n of TP N models
It is observed that for low order TP N approximations, varying the power n does adjust the dissipation in the solution. As illustrated in Figure 6 , the 245 originally proposed value, n = 1 retains the correct value near x = 0. Simultaneously, n = 2 makes the solution flatter. On the other hand, reducing n to 1/3 amplifies the dampened spikes and makes the solution more similar to the even P N flux profile in that it has a stationary mode at x = 0. It would suggest small powers should be avoided. Yet, all solutions agree with each other 250 when the transient is passed. We have also observed that with increasing N the solution becomes less sensitive to the power n for n > 1.
x [cm], t=2s, ∆t=0.001s, ∆x=0.0005cm 
Spatial derivative coefficient α
In our initial derivation of the TP N model we surmised that the value of α should be between 1/3 and 1 because it appears in a similar way to the 255 coefficients of the P N Jacobian. Since these coefficients range from 1/3 through 1, we therefore used the median value 2/3.
We present a limited parameter study for α in Figure 7 . Therein, the flux profiles vary in several respects. With the smallest value shown, α = 1/3, the solution is much closer to the D N solution: the solution is too low in the middle, 
Two-beam problem
The second test problem is a highly absorbing problem with isotropic incident angular fluxes on both sides of a slab. The scattering ratio, c = σ s /σ t , of 270 the medium is 0.1. The original test problem is in steady state [17] . We, how- middle (Ref. [10, 17] ). It is also suspected in Ref. [10] that this shock could possibly caused by small errors when solving minimization problem governing the M N method. Fortunately, the TP N model does not have the artificial shock in this problem.
Reed's problem
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The last test problem in this work is Reed's problem [22] . It contains several regions with largely varied properties including strong pure absorbers, voids, strong source and material discontinuities.
The numerical example in Figure 9 is TP 4 and D 4 solutions of Reed's prob-lem. In voids, in order to make the diffusive closure well-posed, an artificial absorption ζ is chosen:
where ζ is a small number, which is fixed at 10 −8 . For the TP N model we only need a correction whenσ is zero, (i.e., in voids when then the scalar flux is constant in space and time). The correction we use is Overall, as illustrated in Figure 10 , the pointwise errors from TP 4 are comparable to D 6 and smaller than those from D 4 method in most regions especially for regions with large errors (> 10 −2 ). We also observe that the boundary treat- 
2D line source problem
The line source problem is a 2D variation of the plane source problem in 1D slab geometry. The problem is an infinite, pure scattering medium (σ t = σ s = 1) with no source. The initial condition is given by [27] : shown in Figure 11a from the benchmark code AZURV1 [27] . The wavefront at On the other hand, though TP 2 's solving time is around 73% higher than P 3 , TP 6 's solving time is comparable to P 7 . The correction brought by flux limiters 340 affects not only the physical properties as discussed in 1D scenarios, but also the computational properties. Overall, we conclude TP N would be comparably efficiently solved as P N in multi-D applications. 
Concluding remarks
In this paper, we analyzed the effects on the P N approximation residual 
